A method is presented for predicting the failure strength and the failure mode of fiber reinforced composite laminates containing one or two pin loaded holes. The method involves two steps. First, the stress distribution in the laminate is calculated by the use of a finite element method. Second, the failure load and failure mode are predicted by means of a proposed failure hypothesis together with the Yamada-Sun failure criterion. A computer code was developed which can be used to calculate the maximum load and the mode of failure of laminates with different ply orientations, different material properties, and different geometries. Tests were also conducted measuring the failure strengths and failure modes of Fiberite T300/1034-C laminates containing a pin-loaded hole or two pin-loaded holes in parallel or in series. Comparisons were made between the data and the results of the model. Good agreement was found between the analytical and the experimental results.
INTRODUCTION N STRUCTURAL APPLICATIONS COMPOSITES ARE GENERALLY FASTENED
Ieither to composites or to metals by mechanical means. Therefore, to utilize the full potential of composite materials as structural elements, the strength and failure of mechanically fastened joints in laminated composites must be understood.
Owing to the significance of the problem, several investigators have developed analytical procedures for calculating the strength of bolted joints in composite materials. Among the recent studies are those of Waszczak and Cruse [1] , Oplinger and Gandhi [2, 3] , Agarwal [4] , Soni [5] , Garbo and Ogonowski [6] , York, Wilson, and Pipes [7, 8] , and Collings [9] . The results of these investigations apply only to joints containing a single hole, and, with the exception of Agarwal's method, none of the previous methods can predict the mode of failure. Furthermore, as will be discussed in Section 7, the previous methods provide conservative results and underestimate the failure strength, often by as much as 50 percent.
The major objective of the investigation was, therefore, to develop a method which a) can be used to estimate both the failure strength and the failure mode of pin-loaded holes in composites, b) applies to laminates containing either one or two pin-loaded holes, c) provide results with as good or better accuracy than the existing analytical methods and, d) can be used in the design of mechanically-fastened composite joints.
An analysis applicable to composite laminates containing a single hole was described in References [ 10, 11 ] . In this paper, this analysis is extended to laminates containing two pin load holes placed either in parallel or in series. In addition, data are presented for validating the analytical results.
PROBLEM STATEMENT
Consider a plate (length L, width W, thickness H) made of N fiberreinforced unidirectional plies. The ply orientation is arbitrary, but must be symmetric with respect to the X3 = 0 plane. Perfect bonding between each ply is assumed.
Three types of problems are analyzed (see Figure 1 ): a) A single hole of diameter D is located along the centerline of the plate; b) Two holes of diameter D are located at equal distances from the centerline of the plate (two holes in parallel); c) Two holes of diameter D are located along the centerline of the plate (two holes in series). A rigid pin, supported outside the plate, is inserted into each hole.
A uniform tensile load P is applied to the lower edge of the plate and a uniform tensile load P2 (referred to as the &dquo;by-pass&dquo; load) is applied to the upper edge.
It is desired to find: 1) the maximum (failure) load (PM ) that can be applied before the joint fails, and 2) the mode of failure.
Point 2 refers to the fact that, according to experimental evidence, mechanically-fastened joints under tensile loads generally fail in three basic modes, referred to as tension mode, shearout mode, and bearing mode. The type of damage resulting from each of these modes is illustrated in Figure 2 . The objective, listed in point 2 above, is to determine which of these modes will most be responsible for the failure.
The calculation proceeds in three steps. For a given geometry and load: 1) the stress and strain distributions around the hole are calculated, 2) the maximum (failure) load is predicted, 3) the mode of failure is determined. [12, 18, 19] . For these reasons, a two-dimensional stress analysis was chosen for the present work. As will be demonstrated in Section 7, this analysis provides a useful estimate of the failure strength and the failure mode of loaded holes.
STRESS ANALYSIS
In addition to being reasonably accurate, the two-dimensional analysis adopted here also provides a simple and inexpensive means for calculating failure strengths and failure modes, making it an attractive design aid.
Governing Equations
The [20] :
Equations (7)- (9) yield The stresses are related to the displacements through the stress-strain relationships, which for an elastic body are [20] The subscripts k and I may take on the values of 1 or 2. In order to reduce the analysis from three dimensions to two dimensions, the reduced modulus Em.. is introduced where hp is the thickness of the p-th ply, and [Q]p is the transformed reduced stiffness matrix for the P-th ply [11, 21] . The subscripts i, j, k, and I are related to m and n as follows Note that these reduced moduli are constant and are independent of the thickness of the laminate. The strains are related to the displacements uj by the expressions By combining Equations (10-14) we obtain
The displacements and, consequently, the strains are constant across the laminate. Hence the stresses, as defined by Equation (11) , are also constant across the laminate. However, the stresses with respect to the ply coordinates x,y are taken to vary from ply-to-ply, and are given by where the subscripts x and y indicate directions parallel and normal to the fibers, respectively. The matrix [T] is the coordinate transformation matrix, [Ql is the transformed reduced stiffness matrix [22] and y12 is engineering shear strain.
Boundary Conditions-Single Hole and Two Holes in Parallel
For problems involving a single hole and two holes in parallel, it is assumed that a portion of the surface of each hole is subjected to a surface traction T,* ( Figure 4 ). The parameter T,* is related to the applied load. The spatial distribution of T,* depends on the magnitude of the applied load, on the material properties, and on the geometry in a complex manner. It is difficult to determine the exact distribution of T,* inside the hole [23] [24] [25] . To overcome this difficulty, a cosine normal load distribution was assumed. With this approximation, a force balance in the x2 direction gives where Txz is the normal stress at the hole surface at 0 = 0. At any arbitrary angle 6 (-n/2 < 9 < n/2), the stress normal to the surface has been assumed to be Solving Equation (17) for TxZ and substituting into Equation (18) gives where P2 is the by-pass load which is a fraction f of the total load P.
The values of either P and P2 or P and f must be specified. Now the surface traction on ALl can be written as
The surface traction on ALZ is For a single hole C is equal to 1; for two holes in parallel it is equal to 1/2.
The angle 8 varies from -n/2 to n/2 in each hole. The angle 0 is in the x, -X2 plane, and is measured clockwise from the X2 axis ( Figure 1 ). For isotropic materials, the cosine normal load distribution (Equation 21) was found to represent closely the actual load distribution [26] . Calculations performed by previous investigators also showed that, for composite materials, the stress distribution inside the body is insensitive to the assumed load distribution [1, 6, 27] . Therefore, Equation (21) should suffice for the purpose of the present analysis, which is to determine the overall strength of the joint.
Equations (1), (20) , (21) and (22) give
We recall that Ü, are functions that can be selected arbitrarily. The unknowns in Equation (23) are the displacements uk. Once Uk are known, the stresses at every point can be calculated from Equations (14) and (16 (Figure 4 ). The extent of the contact surfaces are unknown and need to be determined.
The uniform load distribution on the AL, surface is where H and W are the thickness and the width of the plate, respectively (Figure 1 ).
Equations (15) , (22) , (26) give As before, u, can be selected arbitrarily but must satisfy the displacement boundary conditions. Hence, the unknowns in Equation (27) are the displacements u,. The solution to Equation (27) Equation (27) gives
The solution to Equation (30) requires that the contact area ARc (i.e., the contact angles 0u and 8u Figure 4) References [ 10, 11 ] . These procedures were extended to laminates containing two pin-loaded holes either in parallel or in series. Details of the procedures pertaining to laminates with two holes are not given here but may be found in Reference [22] .
A &dquo;user friendly&dquo; computer code (designated as &dquo;BOLT&dquo;) was developed suitable for performing the calculations. The input parameters required by the code and the output provided by the code are discussed in Section 6. The &dquo;BOLT&dquo; code may be obtained from G.S.S.
PREDICTION OF FAILURE
In order to determine the load at which a joint fails (failure load) and the mode of failure, the conditions for failure must be established. In this investigation the joint is taken to have failed when certain combined stresses have exceeded a prescribed limit in any of the plies along a chosen curve (denoted as the characteristic curve). The combined stress limit is evaluated using the failure criterion proposed by Yamada-Sun [28] . This failure prediction method was adopted here because it showed promising results for laminates containing a single pin-loaded hole [ 10, 11 ] . Although the method was explained in References [ 10, 11 ] , it is summarized below in order to bring together the entire solution procedure.
Failure Criterion
In this investigation, the Yamada-Sun failure criterion was adopted [28] . This criterion is based on the assumption that just prior to failure of the laminate, every ply has failed due to cracks along the fibers. This criterion states that failure occurs when the following condition is met in any one of the plies As indicated in Equation (31 ) (Figure 6 ) is specified by the expression The angle 0, measured clockwise from the X2 axis, may range in value from -n/2 to n/2. R, and R, are referred to as the characteristic lengths for tension and compression. These parameters must be determined experimentally, as is discussed in a companion article [29] .
In this investigation, the characteristic curve is used together with the Yamada-Sun failure criterion. Accordingly, failure occurs when the parameter e is equal to, or is greater than unity at any point on the characteristic curve Figure 6 . Description of the characteristic curve. 
INPUT-OUTPUT PARAMETERS
The failure analysis described in the previous section was coupled with the stress analysis and was included in the &dquo;Bolt&dquo; computer code. Thus, in addi- tion to the stresses, the code also calculates the failure load and the failure mode. A list of the input parameters required for the solution of problems is given in Table 1 . Material properties are given in Table 2 .
EXPERIMENTAL VALIDATION OF THE MODEL
Experiments were performed to generate data which can be used to evaluate the accuracy of the model. The experimental apparatus and procedure are described in the Appendix. Data were obtained with Fiberite T300/1034-C graphite/epoxy composites having different geometries and dif- Figures 8-15 the measured bearing strengths and failure modes are represented by different symbols.
The bearing strengths and failure modes were also calculated using the model. The numerical calculations were performed using the material properties listed in Table 2 . The numerical results are included in these figures. The calculated bearing strengths are given by solid lines. The calculated failure modes were not identified separately as long as they were the same as those given by the data. In those cases where the calculated failure model differed from the data, the calculated failure mode is identified by the letters T, B, or S, next to the corresponding data point. These letters represent failure in tension, bearing, and shearout modes.
As indicated in Figures 8-15 for cross-ply laminates is most likely due to the assumption that the shear stress is linearly proportional to the shear strain. Since shear stresses are important in determining the failure strengths of cross-ply laminates [22, 29] the use of nonlinear shear stress-strain relationships improve the accuracy of the model for such laminates [33] .
The results in Figures 8-15 show that the model predicts the failure mode with good accuracy. Of the 83 specimen configurations tested, the model failed to predict accurately the failure mode only in 9 cases-these cases being indicated by the letters T, B, or S, in Figures 8-15 curacy of the models developed by previous investigators. A summary of the accuracies of the various models is presented in Table 3 . The accuracy may depend on the geometry, ply orientation, and material properties. Therefore, the results in Table 3 should be viewed with some caution. Nevertheless, the numbers in this table provide an estimate of the magnitudes of errors in the different models. The present model appears to be more accurate than any of the other models.
Two points are worth noting: First, the models developed previously apply only to laminates containing a single hole. None of the models, except the present one, applies to laminates containing two holes. Second, of the existing models, only the present one and the one by Garbo and Ogonowski [6] 
CONCLUDING REMARKS
The model and the corresponding computer code developed in this investigation can be used to determine the strength and the failure mode of composite laminates with one or two pin-loaded holes. As is shown in the next paper [32] , the code can also be used to size composites containing more than two pin-loaded holes.
Figure 16 . Fixture used in testing loaded holes (base plate geometry given in Figure 17 and Table 4 ).
be tested was placed between the two base plates. A second 0.5 in diameter dowel pin was passed through the base plates and the laminate. In case of laminates with two holes, two 0.5 in diameter dowel pins were used.
In each test the same main plate and the same dowel pin were used. The dimensions of the base plates were different, depending upon the specimen configuration. The dimensions of the base plates are given in Figure 17 and Table 4 .
A C clamp was placed around the base plates near the lower dowel pin and tightened by hand. The purpose of this clamp was to simulate the lateral force which would be provided by &dquo;finger-tight&dquo; bolts in the hole. During the tests the rod protruding from the main plates was inserted into the upper grips, and the laminate was inserted into the lower grips of a mechanical testing machine. A tensile load was applied by the machine and the ultimate tensile strength was recorded. After the test, each specimen was inspected and the mode of failure was determined.
Specimen Preparation
The laminates were constructed from Fiberite T300/ 1034-C prepreg tape.
The panels were cured in an autoclave [30] . The test specimens were cut by a diamond saw. The holes were drilled with solid carbide drills for hole diameters less than one-half inch and by carbide tip drills for 1/2 in diameter holes. The nominal sizes of holes were 0.125 in, 0.1875 in, 0.25 in, and 0.5 in. The nominal size of the dowel pins were the same. To provide a close fit, each dowel pin was dressed down by about 0.001 in.
